Abstract. Sufficient conditions for commutativity of rings are proved. They generalize or are related to certain old results due to I. N. Herstein and others, see [1] and [5] .
Introduction
Let P denote an arbitrary (associative) ring (we do not assume that P has an identity element). For any positive integer n, we consider the following two conditions V{n) and Q(n) imposed on elements of the ring P :
V(n):
A {x-y) n = x n -y n , x,yeP Q(n):
A (x-y) n = (yx) n .
x,yeP
Obviously, the conditions V(n) and Q(n) hold in any commutative ring P. Moreover it can be easily verified that if the condition V(2) holds in the ring P with an identity element 1 then P is commutative. Similarly, if the ring P with an identity element 1 is of characteristic different from two and satisfies the condition Q(2) then P is also commutative.
In the same spirit, one can prove that the ring P satisfying the condition V{2) or Q(2) is commutative provided that it contains no non-zero nilpotent elements.
The purpose of this note is to prove a generalization of the above observations. Among other things, we show that under certain mild assumptions, the ring P is commutative if it satisfies any of the conditions V(n) or Q(n).
In the fifties Isaac Herstein establishes various sufficient conditions for commutativity of rings (see [2] , [3] , [5] ). In particular, in the paper [4] , he shows that if the mapping fn(x) = x n in the ring P is a ring epimorphism, for a fixed integer n > 1, then P is commutative. In section 3, we consider a similar generalization of the condition V(n), and we prove a result analogous to that one in [1] .
It is worth to mention here that the similar problem in the category of groups has quite different solution. Namely, it is well-known that the group G is commutative iff it satisfies condition V{2) or V{-1).
Throughout, we denote by Z the ring of integers, by N the set of positive integers and by Z m the ring of integers modulo m.
We would like to thank Adam Neugebauer for valuable suggestion concerning the proof of Theorem 1.
Main results
The main result of the paper is the following theorem. Proof. By the assumptions of P, for any x,y E P and a fixed n > 1, the equality where Ak,i(x,y), and Bkj(x,y) denote the appropriate sums of products of powers of the elements x and y in which x appears exactly k times and y exactly I times.
Invoking the condition V{n) one obtains, for arbitrary x,y € P, 0 <k,l<n k+l> 1 • Observe that, in fact, we have not used the associativity condition. Then, as a consequence we get the following
COROLLARY 1. Suppose that A is a (not necessarily associative) ring with an identity element. If A is of characteristic zero and satisfies the condition V(n) then A is commutative.
By applying the arguments used in the proof above, we can prove the following result.
THEOREM 2. Let P be a ring with an identity element 1. If P is of characteristic zero and satisfies the condition Q(n), for a fixed n > 1, Then P is commutative.
As a consequence we get 
Examples and a generalization
It is natural to ask whether the existence of identity element in P or the condition charP = 0 axe essential ?
The answer in both cases is affirmative, as the following examples show. 
is a non-commutative ring of characteristic two that satisfies the condition V(4n) and the condition Q(4n).
Example 2. Let A = Z x Z be the ring with the addition and the multiplication given by
It is clear that A is a commutative ring without identity element and of characteristic zero. Let P = A[G] be the group ring of a finite, non-abelian group G over the ring A. Then P is not commutative, has no identity element and charP = 0. On the other hand the multiplication rule in A shows that, x 3 = 0 for any x G P. This means that the ring P = A[G\ satisfies the conditions V{n) and Q(n), for any n > 3. Now, given a pair n, m G N of positive integers, we consider the condition
Obviously, V(n,m) is a generalization of the condition V(n). In analogy to Theorem 1 in [1] , we have the following result. Hence, in view of Lemma 1 in [1] , the ring P is commutative.
Next, suppose that m = 1. Then (xy) n = xy, and by putting x = a 2 and y = a -1 in V(n, m) we get the equality a n = a. Now a classical theorem of Jacobson ( [5] , Theorem 3.1.2) implies the commutativity of the ring P. m
